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Motivation

Propagation behaviour in CP systems:

� S trength/ c ost of  propagation hard -w ired
� only occasionally configurable

� S ystem-spec if ic  set of  impl emented  c onstraints
� no st and ard  set  of global const raint s
� but  const raint  cat alog list s 2 3 5  of t h em  [ B eld iceanu et  al]

� E f f ic ient propagation al gorithms are c onstraint-spec if ic
� t ak e a long t im e t o d ev elop

� I mpl emented  proc ed ural l y or via rul es
� correct ness/ m ainainabilit y

� d ec l arative prototyping f ac il ity c an be usef ul



Overview

� Constraint definitions
� R eific ation and its sh ortc om ing s
� G P  - G eneral ised P rop ag ation
� A p p l ic ations of G P
� G P  A l g orith m



C ons tr aint d e f initions

� B asic constraints,  e. g.  eq u al ity ,  d om ains ( d ecid ab l e)
X=5,  Y::1..9

� B u il t-in constraints ( e. g.  b ou nd s/ arc consistent)
X # > = 3 * Y+ 7 ,  a l l d i f f e r e n t ([ X,Y,Z ] )

� U ser-d ef ined  constraints
� E x tensional  d ef inition ( tabl e,  d isj unc tive)
%  p r o d u c t (N a m e ,R e s o u r c e 1,R e s o u r c e 2 ,P r o f i t )
p r o d u c t (10 1, 3 , 7 , 3 6 ).
...
p r o d u c t (999, 5, 2 , 2 3 ).

� I ntensional d ef inition ( l ogic al  c ombinations of  buil t-in c onstraints)
n o _ o v e r l a p (S 1,S 2 ,D ) :-
S 1+ D  # > = S 2  ;  S 2 + D  # > = S 1.

E CL iPS e S yntax



P r op ag ation c h oic e s

W hen?
� O nc e bef ore searc h ( preproc essing)
� W henever a variabl e gets instantiated
� W henever a d omain is red uc ed
� M ore/ L ess urgentl y than other c onstraints

W hat?
� J ust c hec k  c urrent assignment
� D erive f urther instantiations
� D erive d omain red uc tions

W here?
� Per c onstraint
� S ub-probl em
� W hol e probl em



W e l l  k now n:
U s e r -d e f ine d  C ons tr aints  via “r e if ic ation”
The system must provide “reif ied” version s of  c on stra in ts,  e. g .
=<(X,Y,B) � X =< Y  i f f B=1

X >  Y   i f f B=0
The B ool ea n  represen ts the truth va l ue of  the c on stra in t.
Simil a r to B ig -M  c on stra in ts in  M I P .

R eif ied primitives c a n  b e c on n ec ted b y c omb in in g  B ool ea n s:
# =<(X+ 7 , Y, B1 ), # =<(Y+ 7 , X, B2 ), B1 + B2  # > = 1 .

The B ool ea n  c a n  b e hidden  un der syn ta c tic  sug a r:
X+ 7  # =< Y  o r   Y+ 7  # =< X.



Me r its / L im its  of  r e if ie d  c om b inator s

Clever example – a lexi c o g raph i c  o rd eri n g  c o n s t rai n t  f o r vec t o rs :
l e x _ l e (Xs , Ys ) :-
( f o r e a c h (X,Xs ), f o r e a c h (Y,Ys ), f r o m t o (1,B i ,B j ,1) d o

B i  # = (X # <  Y +  B j )
). 

B u t  o f t en  po o r pro pag at i o n  b eh avi o u r:
?- [ X,Y] ::1..10 , ( X +  7  # =<  Y  o r   Y +  7  # =<  X ).
X = X{ 1 .. 10 }
Y = Y{ 1 .. 10 }
T h e r e  a r e  3  d e l a y e d  g o a l s .

P ro pag at i o n  h appen s  o n ly  w h en  B o o lean  g et s  i n s t an t i at ed ,  i . e.  w h en  o n e o f  t h e 
pri mi t i ves  i s  en t ai led / d i s en t ai led .

X1 Y 1 <
B 1

B 2

Xn Y n<
B n1

B n



G e ne r al is e d  P r op ag ation ( G P )

A generic algorithm to extract information
from d is j u nctiv e s p ecifications
c (1 ,2 ).
c (1 ,3 ).
c (3 ,4 ).

?- c (X,Y) i n f e r s  f d .
X = X{ [ 1 , 3 ] }
Y = Y{ 2  .. 4 }

First described in [L eP ro v o st& W a l l a ce 9 3 ]
I m p l em ented in E C L iP S e sy stem  a s l ibra ry  “p ro p ia ”



T h e infers A n n o t a t io n

G P  annotation say s w h at y ou  w ant to infer:
� G oal  infers L ang u ag e

U se strongest av ail ab l e rep resentation in L angu age ( e. g.  f d
f or f inite d om ains)  cov ering al l  sol u tions

W eak er ( and c h eap er)  v ariants are av ail ab l e
� G oal  infers c onsistent

F ail  as soon as inconsistency  can b e p rov en
� G oal  infers u niq u e

Instantiate as soon as u niq u e sol u tion ex ists



1 2

X { [ 1, 2] }

f ( 1, 2)    f ( 3, 4 )

f (  X { 1, 3} ,  Y { 2, 4 }  )

“m o st sp ecif ic g enera l isa tio ns”

Mos t S p e c if ic  G e ne r al is ation
ove r  F inite  D om ains  and  S tr u c tu r e d  T e r m s

3

X { 1. . 3}



A r c  c ons is te nc y  ( i)

� A rc  c onsistenc y f rom ex tensional  d ef inition:
%  e x t e n s i o n a l  c o n s t r a i n t  s p e c
c (1,2 ).
c (1,3 ).
c (3 ,4 ).
%  a r c -c o n s i s t e n t  v e r s i o n
a c _ c (X,Y)  :- c (X,Y) i n f e r s  f d .

?- a c _ c (X, Y).
X = X{ [ 1 , 3 ] }
Y = Y{ [ 2 ..4 ] }
T h e r e  i s  1  d e l a y e d  g o a l .

?- a c _ c (X, Y), X = 1 .
X = 1
Y = Y{ [ 2 ,3 ] }
T h e r e  i s  1  d e l a y e d  g o a l .



C ons tr u c tive  d is j u nc tion w ith  G P

The inferences from disjunctive branches are merged constructivel y :

?- [ A ,B] : : 1 ..1 0 , (A  +  7  # =< B ;  B +  7  # =< A ) i n f e r s  f d .

A  = A { [ 1  .. 3 , 8  .. 1 0 ] }
B = B{ [ 1  .. 3 , 8  .. 1 0 ] }

N ote difference w ith reification – no inference because neither side is ( dis) entail ed:
?- [ A ,B] : : 1 ..1 0 , (A  +  7  # =< B o r  B +  7  # =< A ).
A  = A { 1  .. 1 0 }
B = B{ 1  .. 1 0 }

1 . . 3            8 . . 1 0      1 . . 3             8 . . 1 0



A r c -c ons is te nc y  ( ii)
A rc  c onsistenc y on top of  w eak er c onsistenc y ( e. g.  test,  f orw ard c hec k ing)
a c _ c o n s t r (Xs ) :-

(
w e a k _ c o n s t r (Xs ),
l a b e l i n g (Xs )

) i n f e r s  f d .

O r,  usual l y more ef f ic ient:
a c _ c o n s t r (Xs ) :-

(
w e a k _ c o n s t r (Xs ),
m e m b e r (X, Xs ),
i n d o m a i n (X),
o n c e  l a b e l i n g (Xs )

) i n f e r s  f d .



S ing l e ton A r c -c ons is te nc y
S inglet on arc consist ency from  arc consist ency,  on a subp roblem :
sac_constr(Xs) : -

(
ac_constr(< som e  Xs> ),  …,  ac_constr(< som e  Xs> ),
m e m b e r(X,  Xs),
i nd om ai n(X)

) i nf e rs i c.

I f p erform ed  on t h e w h ole p roblem ,  sim p ler v ariant : shaving
sh av e (Xs) : -

( f ore ach (X, Xs) d o
f i nd al l (X,  i nd om ai n(X),  V al u e s),
X : :  V al u e s

).

S h av ing oft en effect iv e as a p rep rocessing st ep  before act ual search .
E . g.  sud ok u solv able w it h  ac-alld ifferent and  sh av ing – no d eep  search  need ed  [ S im onis] .



A r c -c ons is te nc y  f r om  ar c -c ons is te nc y
Com b ining constraints to f orm  a su b -p rob l em .
M ak e resu l t arc-consistent again:

E . g.  a constraint f or su d ok u :

o v e r l a p p i n g _ a l l d i f f e r e n t (Xs , Ys ) : -
i n t e r s e c t (Xs , Ys , O v e r l a p s ),
(

a l l d i f f e r e n t (Xs ), a l l d i f f e r e n t (Ys ),
l a b e l i n g (O v e r l a p s ) 

) i n f e r s  i c .



G P  A p p l ic ations  S u m m ar y

� D isj unc tive c ombinations
� ex t ensional or int ensional const raint  d efinit ions

� F ac toring subprobl ems
� effect iv ely creat e p roblem -sp ecific global const raint s
� ap p rox im at e t h eir solut ion set  rep eat ed ly
� ex p ort  t h at  ap p rox im at ion rep eat ed ly t o t h e full p roblem

� Conj unc tive c ombination of  overl apping c onstraints
� t o form  larger global const raint s

� Prototyping A C c onstraints
� ex p ensiv e w h en d one naiv ely,  need  good  generic G P  algorit h m
� bet t er t o use a less d isj unct iv e sp ecificat ion,  see below



G r ap h / au tom aton m e th od  ( i)

� B eld iceanu et  al,  2 0 0 4 :
D eriv ing F ilt ering A lgorit h m s from  C onst raint  C h eck ers

g l ob al _conti g u i ty (Xs) : -

S tate E nd : :  0 ..2 ,
(
f rom to(Xs,  [ X| Xs1 ] ,  Xs1 ,  [ ] ),
f rom to(0 ,  S tate I n,  S tate O u t,  S tate E nd )

d o
(
S tate I n =  0 ,  (X =  0 ,  S tate O u t =  0  ; X =  1 ,  S tate O u t =  1  )
;
S tate I n =  1 ,  (X =  0 ,  S tate O u t =  2  ; X =  1 ,  S tate O u t =  1  )
;
S tate I n =  2 ,  X =  0 ,  S tate O u t =  2

) i nf e rs ac
).

0

1

E nd

2

Xi =  0
Xi =  1

Xi =  1
Xi =  0



G r ap h / au tom aton m e th od  ( ii)
inflexion(N,  X s ) : -
S t a t eE nd : :  0 . . 2 ,
(
fr om t o(X s ,  [ X 1 , X 2 | X s 1 ] ,  [ X 2 | X s 1 ] ,  [ _ ] ),
for ea c h (Ninc ,  Ninc s ),
fr om t o(0 ,  S t a t eI n,  S t a t eO u t ,  S t a t eE nd )

d o
(X 1  # <  X 2 ) # =  (S ig # =  1 ),
(X 1  # =  X 2 ) # =  (S ig # =  2 ),
(X 1  # >  X 2 ) # =  (S ig # =  3 ),
( S t a t eI n =  0 ,

( S ig = 1 ,  Ninc = 0 ,  S t a t eO u t = 1
; S ig = 2 ,  Ninc = 0 ,  S t a t eO u t = 0
; S ig = 3 ,  Ninc = 0 ,  S t a t eO u t = 2  )

; S t a t eI n =  1 ,
( S ig = 1 ,  Ninc = 0 ,  S t a t eO u t = 1
; S ig = 2 ,  Ninc = 0 ,  S t a t eO u t = 1
; S ig = 3 ,  Ninc = 1 ,  S t a t eO u t = 2  )

; S t a t eI n =  2 ,
( S ig = 1 ,  Ninc = 1 ,  S t a t eO u t = 1
; S ig = 2 ,  Ninc = 0 ,  S t a t eO u t = 2
; S ig = 3 ,  Ninc = 0 ,  S t a t eO u t = 2  )

) infer s  a c
),
N # =  s u m (Ninc s ).

0

2

E nd

1

Xi+1= Xi
Xi+1<Xi

Xi+1= <Xi Xi+1> = Xi

Xi+1> Xi
Xi+1<Xi

Xi+1> Xi

n : = 0

n + +

n + +



N aïve  G P  A l g or ith m

G o a l  inf ers L a ng u a g e
F in d a l l  sol ution s to G oa l ,  a n d put them in  a  set
F in d the most spec if ic  g en era l isa tion  of  a l l  the terms in  the set

E . g .     m e m b e r ( X , [ 1, 2, 3] )  i n f e r s  f d

F in d a l l  sol ution s to memb er( X , [ 1 , 2 , 3 ] ) : { 1 ,2 ,3 }
F in d the most spec if ic  g en era l isa tion  of  { 1 , 2 , 3 } : X{ [ 1 ,2 ,3 ] }

E f f icient w h en a l l  so l u tio ns ca n be ta bl ed.



R ob u s t G P  A l g or ith m :  T op ol og ic al  B & B

G oa l  in f ers L a n g ua g e

F in d on e sol ution S to G oa l
The c urren t most spec if ic  g en era l isa tion M SG  = S
R epea t

F in d a  sol ution N ew S to  G oa l
w hic h is N O T a n  in sta n c e of M SG  

F in d the most spec if ic  g en era l isa tion N ew M SG
of M SG a n d N ew S
M SG : = N ew M SG

un til  n o suc h sol ution  rema in s
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